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Finiteness of the total first curvature
of a non-closed curve in En
C. Y. Kim, H. Matsuda, J. H. Park and S. Yorozu
Abstract
We consider a regular smooth curve in En such that its coordinates’ compo-
nents are the fundamental solutions of the differential equation y(n)(x)−y(x) = 0,
x ∈ R of order n. We show that the total first curvature of this curve is infinite
for odd n and is finite for even n.
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1 Introduction
The study of finiteness of the total curvature of curve has been examined by W. Fenchel,
I. Fary, J. W. Milnor and others. In recent years, the total curvature of curve has been
discussed in [1, 6, 7, 8, 9, 10]. These discussions are based on closed curves, polygonal
curves, knotted curves, curves with fixed endpoints, curves with finite length or pursuit
curves. Our discussion is based on non-closed smooth curves with infinite length.
We study the real fundamental solutions of a differential equation of order n(≥ 2) :
y(n)(x)− y(x) = 0, x ∈ R, are given by
(i) If n = 2, then ex, e−x.
(ii) If n = 2m+ 1, then
eα1x cos(β1x), e
α1x sin(β1x), · · · , eαmx cos(βmx), eαmx sin(βmx), ex.
(iii) If n = 2m+ 2, then
eα1x cos(β1x), e
α1x sin(β1x), · · · , eαmx cos(βmx), eαmx sin(βmx), ex, e−x.
Here, complex numbers λk = αk ± βk
√−1 (k = 1, 2, · · · , m) are solutions (without 1
and −1) of the characteristic polynomial equation P (λ) = λn−1 = 0 of the differential
equation y(n)(x)− y(x) = 0, x ∈ R [4]. Then we define a regular smooth curve Cn |+∞−∞
in En such that its coordinates’ components are the above fundamental solutions. Here
the parameter t of the curve Cn |+∞−∞ is not an arc-length parameter in general and |+∞−∞
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denotes the range (−∞,+∞) of parameter t. We take “smooth” to mean “of class
C∞”. We consider curves Cn |0−∞ and Cn |+∞0 that are sub-arcs of Cn |+∞−∞. These
curves Cn |0−∞, Cn |+∞0 and Cn |+∞−∞ in En are of non-closed.
In the present paper, we calculate the total first curvature [2] of the curve Cn |+∞−∞
in En. Our result is the following:
Main Theorem (1) The curves Cn |0−∞, Cn |+∞0 and Cn |+∞−∞ are of infinite length.
(2) For an odd number n, the curve Cn |0−∞ is of infinite total first curvature, and
Cn |+∞0 is of finite total first curvature, that is, the curve Cn |+∞−∞ is of infinite total
first curvature.
(3) For an even number n, the curve Cn |+∞−∞ is of finite total first curvature.
2 Definition of a curve Cn |+∞−∞ in En
We denote En the Euclidean n-space. Let Cn |+∞−∞ be a regular smooth curve in En
given by a mapping
x : (−∞,+∞) ∋ t 7−→ x(t) ∈ En,
where x(t) is defined by
(i) In the case of n = 2,
x(t) =

 et
e−t

 , t ∈ (−∞,+∞).
(ii) In the case of n = 2m+ 1,
x(t) =


eα1t cos(β1t)
eα1t sin(β1t)
· · ·
eαmt cos(βmt)
eαmt sin(βmt)
et


, t ∈ (−∞,+∞).
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(iii) In the case of n = 2m+ 2,
x(t) =


eα1t cos(β1t)
eα1t sin(β1t)
· · ·
eαmt cos(βmt)
eαmt sin(βmt)
et
e−t


, t ∈ (−∞,+∞).
Here, complex numbers λk = αk ± βk
√−1 (k = 1, 2, · · · , m) are solutions (without 1
and −1) of the polynomial equation P (λ) = λn− 1 = 0. In this paper, we assume that
−1 < αm < αm−1 < · · · < α2 < α1 < 1.
Then we have easily the following:
Proposition 1 The curve Cn |+∞−∞ in En is non-closed and satisfies differential equa-
tions x(n)(t) = x(t) and x(q)(t) 6= x(t), for any t ∈ R and q = 1, 2, · · · , n− 1.
Proof. For an integer p, we define constants Ap and Bp by
dpeαkt cos(βkt)
dtp
= Ape
αkt cos(βkt) +Bpe
αkt sin(βkt).
Then we have
A1 = αk, B1 = −βk,
Ap+1 = αkAp + βkBp, Bp+1 = −βkAp + αkBp.
On the other hand, we define real constants ap and bp by
(αk − βk
√−1)p = ap + bp
√−1.
Then we have
a1 = αk, b1 = −βk,
ap+1 = αkap + βkbp, bp+1 = −βkap + αkbp.
Thus we have Ap = ap and Bp = bp for each p. Since it holds that (αk − βk
√−1)n = 1,
we have an = 1 and bn = 0 so that An = 1 and Bn = 0. Therefore, we have
dneαkt cos(βkt)
dtn
= eαkt cos(βkt)
3
and
dqeαkt cos(βkt)
dtq
6= eαkt cos(βkt)
for q = 1, 2, · · · , n− 1. Next, for an integer p, we define constants Cp and Dp by
dpeαkt sin(βkt)
dtp
= Cpe
αkt sin(βkt) +Dpe
αkt cos(βkt).
Then we have
C1 = αk, D1 = βk,
Cp+1 = αkCp − βkDp, Dp+1 = βkCp + αkDp.
On the other hand, we define real constants cp and dp by
(αk + βk
√−1)p = cp + dp
√−1.
Then we have
c1 = αk, d1 = βk,
cp+1 = αkcp − βkdp, dp+1 = βkcp + αkdp.
Thus we have Cp = cp and Dp = dp for each p. Since it holds that (αk +βk
√−1)n = 1,
we have cn = 1 and dn = 0 so that Cn = 1 and Dn = 0. Thus we have
dneαkt sin(βkt)
dtn
= eαkt sin(βkt)
and
dqeαkt sin(βkt)
dtq
6= eαkt sin(βkt)
for q = 1, 2, · · · , n − 1. Therefore, we have x(n)(t) = x(t) and x(q)(t) 6= x(t), for any
t ∈ R and q = 1, 2, · · · , n− 1. This complete the proof.
Proposition 2 (1) (αk)
2 + (βk)
2 = 1 for k = 1, 2, · · · , m.
(2) In the case of n = 2m+ 1: −1 < αm ≤ −1
2
and | αm |= maxk=1,··· ,m {| αk |}.
(3) In the case of n = 2m+ 2:
(i) if m = 2p+ 1 ( that is, m is an odd number ), then
α2p+1 = −α1
α2p = −α2
· · ·
αp+2 = −αp
αp+1 = 0,
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(ii) if m = 2p ( that is, m is an even number ), then
α2p = −α1
α2p−1 = −α2
· · ·
αp+1 = −αp.
Let Cn |0−∞ and Cn |+∞0 be sub-arcs of Cn |+∞−∞, that is, the curves Cn |0−∞ and Cn |+∞0
are given by x : (−∞, 0] ∋ t 7−→ x(t) ∈ En and x : [0,+∞) ∋ t 7−→ x(t) ∈ En,
respectively.
3 First curvature function
Let < , > and ‖ ‖ be the canonical inner product and the canonical norm in En, re-
spectively. If n ≥ 3, then the first curvature function k1 of the curve Cn |+∞−∞ in En is
given by
k1(t) =
‖ x˙(t) ∧ x¨(t) ‖
‖ x˙(t) ‖3
for any t ∈ (−∞,+∞), where x˙(t) = dx(t)
dt
and x¨(t) =
d2x(t)
dt2
, and
‖ x˙(t) ∧ x¨(t) ‖2= det
[
< x˙(t), x˙(t) > < x˙(t), x¨(t) >
< x¨(t), x˙(t) > < x¨(t), x¨(t) >
]
for any t ∈ (−∞,+∞) [3]. If n = 2, then k1 is given by
k1(t) =
det [x˙(t) x¨(t)]
‖ x˙(t) ‖3
for any t ∈ (−∞,+∞) [3]. Now, by Proposition 2 (1), we show the concrete forms of
k1(t) for (i) n = 2, (ii) n = 2m+ 1, (iii) n = 2m+ 2 as follows:
(i) n = 2:
‖ x˙(t) ‖2= e2t + e−2t, ‖ x¨(t) ‖2= e2t + e−2t,
det [x˙(t), x¨(t)] = 2.
Thus we have
k1(t) =
2(√
e2t + e−2t
)3
for any t ∈ (−∞,+∞).
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(ii) n = 2m+ 1:
‖ x˙(t) ‖2=
(
m∑
k=1
e2αkt
)
+ e2t, ‖ x¨(t) ‖2=
(
m∑
k=1
e2αkt
)
+ e2t,
< x˙(t), x¨(t) >=
(
m∑
k=1
αke
2αkt
)
+ e2t
and
‖ x˙(t) ∧ x¨(t) ‖2
=
(
m∑
k=1
e2αkt
)2
−
(
m∑
k=1
αke
2αkt
)2
+ 2e2t
(
m∑
k=1
e2αkt
)
− 2e2t
(
m∑
k=1
αke
2αkt
)
for any t ∈ (−∞,+∞). Thus we have
k1(t) =


(
m∑
k=1
e2αkt
)2
−
(
m∑
k=1
αke
2αkt
)2
+ 2e2t
(
m∑
k=1
e2αkt
)
− 2e2t
(
m∑
k=1
αke
2αkt
)]1/2
×
[ (
m∑
k=1
e2αkt
)
+ e2t
]−3/2
for any t ∈ (−∞,+∞).
(iii) n = 2m+ 2:
‖ x˙(t) ‖2=
(
m∑
k=1
e2αkt
)
+ e2t + e−2t, ‖ x¨(t) ‖2=
(
m∑
k=1
e2αkt
)
+ e2t + e−2t,
< x˙(t), x¨(t) >=
(
m∑
k=1
αke
2αkt
)
+ e2t − e−2t
and
‖ x˙(t) ∧ x¨(t) ‖2
=
(
m∑
k=1
e2αkt
)2
−
(
m∑
k=1
αke
2αkt
)2
+ 2e2t
(
m∑
k=1
e2αkt
)
− 2e2t
(
m∑
k=1
αke
2αkt
)
+ 2e−2t
(
m∑
k=1
e2αkt
)
+ 2e−2t
(
m∑
k=1
αke
2αkt
)
+ 4
for any t ∈ (−∞,+∞). Thus we have
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k1(t) =

( m∑
k=1
e2αkt
)2
−
(
m∑
k=1
αke
2αkt
)2
+ 2e2t
((
m∑
k=1
e2αkt
)
−
(
m∑
k=1
αke
2αkt
))
+ 2e−2t
((
m∑
k=1
e2αkt
)
+
(
m∑
k=1
αke
2αkt
))
+ 4
]1/2
×
[ (
m∑
k=1
e2αkt
)
+ e2t + e−2t
]−3/2
for any t ∈ (−∞,+∞).
By Proposition 2 (3), we have
Proposition 3 If n is even, then it holds ‖ x˙(−t) ‖=‖ x˙(t) ‖ and k1(−t) = k1(t) for
any t ∈ (−∞,+∞).
For the length of the curve Cn |+∞−∞ , we have
Proposition 4 The curve Cn |+∞−∞ in En is of infinite length.
Proof. (1)(i) Case of Cn |0−∞ and an odd n:
Since we have ‖ x˙(t) ‖> eαmt and −1 < αm ≤ −1
2
, we have, for a large positive number
a, ∫ 0
−∞
‖ x˙(t) ‖ dt = lim
a→−∞
(∫ 0
a
‖ x˙(t) ‖ dt
)
> lim
a→−∞
(∫ 0
a
eαmt dt
)
= lim
a→−∞
{
(αm)
−1
(
1− e(αm)a)}
= lim
a→−∞
{−(| αm |)−1 (1− e−|αm|a)}
= +∞.
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(1)(ii) Case of Cn |0−∞ and an even n:
Since we have ‖ x˙(t) ‖> e−t, we have, for a large positive number a,
∫ 0
−∞
‖ x˙(t) ‖ dt = lim
a→−∞
(∫ 0
a
‖ x˙(t) ‖ dt
)
> lim
a→−∞
(∫ 0
a
e−t dt
)
= lim
a→−∞
{− (1− e−a)}
= +∞.
From above two facts, we see that the improper integral
∫ 0
−∞
‖ x˙(t) ‖ dt diverges [5].
On the case of Cn |0−∞, we have that the length of the curve Cn |0−∞ is infinite.
(2) Case of Cn |+∞0 :
It holds that ‖ x˙(t) ‖> et. We have
lim
b→+∞
∫ b
0
et dt = +∞.
Thus the improper integral
∫ +∞
0
‖ x˙(t) ‖ dt diverges [5]. Thus the length of the curve
Cn |+∞0 is infinite. Therefore, the length of the Cn |+∞−∞ is infinite. This complete the
proof.
4 Total first curvature
We consider the arc-length ϕ(t) of the curve Cn |+∞−∞ from the base point x(0) to the
point x(t). That is, we define
ϕ(t) =
∫ t
0
‖ x˙(t) ‖ dt
for any t ∈ (−∞,+∞). We notice that ϕ(0) = 0 and dϕ(t)
dt
=‖ x˙(t) ‖ for any
t ∈ (−∞,+∞). For the curve C {n : (−∞,+∞)}, its arc-length parameter s is given
by
s = ϕ(t) =
∫ t
0
‖ x˙(t) ‖ dt,
and s is taken with the sign + if t > 0 and with the sign − if t < 0. Since ϕ(t)→ −∞
as t→ −∞ and ϕ(t)→ +∞ as t→ +∞, the range of s is (−∞,+∞).
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Let C be a curve parametrized by arc-length s. Then the total first curvature TC[C]
of C is defined by
TC[C] =
∫
I
κ1(s) ds,
where I denotes the range of arc-length parameter s and κ1 is the first curvature
function of the arc-length parametrized curve C [2].
Hereafter, we consider the total first curvature of the curve Cn |+∞−∞, that is
TC[Cn |+∞−∞] =
∫ +∞
−∞
κ1(s) ds.
This improper integral
∫ +∞
−∞
κ1(s) ds is rewritten as the form with respect to the orig-
inal parameter t : ∫ +∞
−∞
k1(t) ‖ x˙(t) ‖ dt. (†)
Let a be a large negative number and b be a large positive number. If both
lim
b→+∞
∫ b
0
k1(t) ‖ x˙(t) ‖ dt
and
lim
a→−∞
∫ 0
a
k1(t) ‖ x˙(t) ‖ dt
exist and are finite, then the improper integral
∫ +∞
−∞
k1(t) ‖ x˙(t) ‖ dt converges [5], so
the curve Cn |+∞−∞ is said to be “a curve of finite total first curvature”.
As we study whether the total first curvature of Cn |+∞−∞ is convergent or not, we
use the form (†) and we rewrite the first curvature function k1 and ‖ x˙(t) ‖ as follows:
(1) In the case: n = 2
k1(t) =
2e3t(√
1 + e4t
)3
and
‖ x˙(t) ‖= e−t
√
1 + e4t
for any t ∈ (−∞,+∞).
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(2) In the case: n = 2m+ 1
k1(t) =e
t

( m∑
k=1
e2(1+αk)t
)2
−
(
m∑
k=1
αke
2(1+αk)t
)2
+ 2e4t
(
m∑
k=1
e2(1+αk)t
)
− 2e4t
(
m∑
k=1
αke
2(1+αk)t
)]1/2
×
[(
m∑
k=1
e2(1+αk)t
)
+ e4t
]−3/2
and
‖ x˙(t) ‖= e−t
[(
m∑
k=1
e2(1+αk)t
)
+ e4t
]1/2
for any t ∈ (−∞,+∞).
(3) In the case: n = 2m+ 2
k1(t) =e
t


(
m∑
k=1
e2(1+αk)t
)2
−
(
m∑
k=1
αke
2(1+αk)t
)2
+ 2e4t
(
m∑
k=1
e2(1+αk)t
)
− 2e4t
(
m∑
k=1
αke
2(1+αk)t
)
+ 2
(
m∑
k=1
e2(1+αk)t
)
+ 2
(
m∑
k=1
αke
2(1+αk)t
)
+ 4e4t
]1/2
×
[(
m∑
k=1
e2(1+αk)t
)
+ e4t + 1
]−3/2
and
‖ x˙(t) ‖= e−t
[(
m∑
k=1
e2(1+αk)t
)
+ e4t + 1
]1/2
for any t ∈ (−∞,+∞). Here, we notice that 1 + αk > 0 for k = 1, 2, · · · , m.
5 Finiteness of total first curvature
We study the finiteness of the total first curvature of the curve Cn |+∞−∞. Let a and b be
large positive numbers.
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(1) In the case: n = 2
By Proposition 3, we have∫ +∞
−∞
k1(t) ‖ x˙(t) ‖ dt = 2
∫ +∞
0
k1(t) ‖ x˙(t) ‖ dt
= 2
∫ +∞
0
2e2t
1 + e4t
dt
= 2 lim
b→+∞
(∫ b
0
2e2t
1 + e4t
dt
)
.
If we let x = f(t) = et then
dx
dt
= et, f(0) = 1 and f(b) → +∞ (b → +∞), so the
given integral is rewritten as
lim
b→+∞
(∫ b
0
2e2t
1 + e4t
dt
)
= lim
f(b)→+∞
(∫ f(b)
1
2x
1 + x4
dx
)
.
For any x ∈ [1,+∞), we have
2
x2
− 2x
1 + x4
=
2(1 + x4)− 2x3
x2(1 + x4)
=
2 + 2x3(x− 1)
x2(1 + x4)
> 0.
Thus we have
2x
1 + x4
<
2
x2
for any x ∈ [1,+∞), so it holds
lim
f(b)→+∞
(∫ f(b)
1
2x
1 + x4
dx
)
≤ lim
f(b)→+∞
(∫ f(b)
1
2
x2
dx
)
= lim
f(b)→+∞
( −2
f(b)
+ 2
)
= 2 < +∞.
Therefore, the improper integreal
∫ +∞
−∞
k1(t) ‖ x˙(t) ‖ dt converges to a constant num-
ber, so the total first curvature of C2 |+∞−∞ is finite. Thus we have the following:
Proposition 5 In E2, the curve C2 |+∞−∞ is of finite total first curvature.
Remark We can compute the value of total first curvature of the curve C2 |+∞−∞. By
the discussion in Section 3 (i) n = 2, we have∫ +∞
−∞
k1(t) ‖ x˙(t) ‖ dt =2 lim
b→+∞
(∫ b
0
2e2t
1 + e4t
dt
)
.
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If we let x = f(t) = e2t then
dx
dt
= 2e2t, f(0) = 1 and f(b) → +∞ (b → +∞), so we
calculate
2 lim
b→+∞
(∫ b
0
2e2t
1 + e4t
dt
)
= 2 lim
f(b)→+∞
(∫ f(b)
1
1
1 + x2
dx
)
= 2 lim
f(b)→+∞
(
[arctan(x)]f(b)1
)
= 2
(pi
2
− pi
4
)
=
pi
2 .
Therefore, the total first curvature of C2 |+∞−∞ is equal to
pi
2
.
(2) In the case: n = 2m+ 1
We have∫ +∞
−∞
k1(t) ‖ x˙(t) ‖ dt =
∫ +∞
−∞
K1(t) dt
=
∫ 0
−∞
K1(t) dt +
∫ +∞
0
K1(t) dt
= lim
a→−∞
(∫ 0
a
K1(t) dt
)
+ lim
b→+∞
(∫ b
0
K1(t) dt
)
,
where
K1(t) =k1(t) ‖ x˙(t) ‖
=


(
m∑
k=1
e2(1+αk)t
)2
−
(
m∑
k=1
αke
2(1+αk)t
)2
+ 2e4t
(
m∑
k=1
e2(1+αk)t
)
− 2e4t
(
m∑
k=1
αke
2(1+αk)t
)]1/2
×
[(
m∑
k=1
e2(1+αkt)
)
+ e4t
]−1
.
First, we consider the improper integral∫ +∞
0
K1(t) dt = lim
b→+∞
(∫ b
0
K1(t) dt
)
.
If we let x = f(t) = et then
dx
dt
= et, f(0) = 1, f(b) → +∞ (b → +∞), so the given
integral is rewritten as
lim
b→+∞
(∫ b
0
K1(t) dt
)
= lim
f(b)→+∞
(∫ f(b)
1
Kˆ1(x) dx
)
,
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where
Kˆ1(x) =

( m∑
k=1
x2(1+αk)
)2
−
(
m∑
k=1
αkx
2(1+αk)
)2
+ 2x4
(
m∑
k=1
x2(1+αk)
)
− 2x4
(
m∑
k=1
αkx
2(1+αk)
)]1/2
×
[
x
{(
m∑
k=1
x2(1+αk)
)
+ x4
} ]−1
.
For any x ∈ [1,+∞), we set ε = 1− α1 > 0, then we have 2(1 + α1) = 4− 2ε so that
m∑
k=1
x2(1+αk) ≤
m∑
k=1
x2(1+α1) = mx2(1+α1) = mx4−2ε,
where the first equality is satisfied if and only if x = 1. Thus we have, for any
x ∈ (1,+∞), (
m∑
k=1
x2(1+αk)
)2
< m2x8−4ε.
For any x ∈ [1,+∞), we set δ = 1
2
ε and
g(x)
h(x)
=
A
x1+δ
− Kˆ1(x), where A =
√
m2 + 4m
is a positive constant number. Here
g(x) =A2
[(
m∑
k=1
x2(1+αk)
)
+ x4
]2
− x2δ


(
m∑
k=1
x2(1+αk)
)2
−
(
m∑
k=1
αkx
2(1+αk)
)2
+ 2x4
(
m∑
k=1
x2(1+αk)
)
− 2x4
(
m∑
k=1
αkx
2(1+αk)
)]
and
h(x) =x1+δ
[(
m∑
k=1
x2(1+αk)
)
+ x4
]
×
[
A
{(
m∑
k=1
x2(1+αk)
)
+ x4
}
+ xδ


(
m∑
k=1
x2(1+αk)
)2
−
(
m∑
k=1
αkx
2(1+αk)
)2
+ 2x4
(
m∑
k=1
x2(1+αk)
)
− 2x4
(
m∑
k=1
αkx
2(1+αk)
)}1/2 > 0.
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We also have that
−x2δ
(
m∑
k=1
x2(1+αk)
)2
> −m2x8−4ε+2δ
= −m2x8−3ε > −m2x8−ε,
(5.1)
−x4+2δ
(
m∑
k=1
x2(1+αk)
)
> −mx4−2ε+4+2δ
= −mx8−ε
(5.2)
and
m∑
k=1
αkx
2(1+αk) > −
m∑
k=1
x2(1+αk) (5.3)
for any x ∈ (1,+∞). From (5.1) (5.2) and (5.3), we obtain
g(x) =A2
(
m∑
k=1
x2(1+αk)
)2
+ 2A2
(
m∑
k=1
x2(1+αk)
)
x4 + A2x8
−
(
m∑
k=1
x2(1+αk)
)2
x2δ +
(
m∑
k=1
αkx
2(1+αk)
)2
x2δ
− 2
(
m∑
k=1
x2(1+αk)
)
x4+2δ + 2
(
m∑
k=1
αkx
2(1+αk)
)
x4+2δ
>A2
(
m∑
k=1
x2(1+αk)
)2
+ 2A2
(
m∑
k=1
x2(1+αk)
)
x4 +
(
m∑
k=1
αkx
2(1+αk)
)2
x2δ
+ A2x8 −
(
m∑
k=1
x2(1+αk)
)2
x2δ − 4
(
m∑
k=1
x2(1+αk)
)
x4+2δ
>A2
(
m∑
k=1
x2(1+αk)
)2
+ 2A2
(
m∑
k=1
x2(1+αk)
)
x4 +
(
m∑
k=1
αkx
2(1+αk)
)2
x2δ
+ A2x8 −m2x8−ε − 4mx8−ε
=A2
(
m∑
k=1
x2(1+αk)
)2
+ 2A2
(
m∑
k=1
x2(1+αk)
)
x4 +
(
m∑
k=1
αkx
2(1+αk)
)2
x2δ
+ x8−ε
(
A2xε −m2 − 4m) .
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Since A2 = m2 + 4m, then we have g(x) > 0, that is,
A
x1+δ
> Kˆ1(x) for any x ∈
(1,+∞). Here, δ = 1− α1
2
> 0. And then we have
lim
f(b)→+∞
(∫ f(b)
1
√
m2 + 4m
x1+δ
dx
)
=
√
m2 + 4m lim
f(b)→+∞
(∫ f(b)
1
1
x1+δ
dx
)
=
√
m2 + 4m lim
f(b)→+∞
([
−1
δ
1
xδ
]f(b)
1
)
=
√
m2 + 4m lim
f(b)→+∞
(
−1
δ
1
(f(b))δ
+
1
δ
)
=
1
δ
√
m2 + 4m < +∞.
Thus we have
0 < lim
f(b)→+∞
(∫ f(b)
1
Kˆ1(x) dx
)
≤ lim
f(b)→+∞
(∫ f(b)
1
A
x1+δ
dx
)
=
1
δ
√
m2 + 4m < +∞.
Therefore, the improper integral
∫ +∞
0
K1(t) dt =
∫ +∞
0
k1(t) ‖ x˙(t) ‖ dt converges to
a constant number.
Next, we consider the improper integral∫ 0
−∞
K1(t) dt = lim
a→−∞
(∫ 0
a
K1(t) dt
)
.
If we let x = f(t) = et then
dx
dt
= et, f(0) = 1 , f(a) → 0 (a → −∞), so the given
integral is rewritten as
lim
a→−∞
(∫ 0
a
K1(t) dt
)
= lim
f(a)→0
(∫ 1
f(a)
Kˆ1(x) dx
)
.
For any x ∈ (0, 1], we set pˆ(x)
qˆ(x)
= Kˆ1(x)− Aˆ
x
, where Aˆ =
√
1− α1
2
is a positive constant
number. Here
pˆ(x) =


(
m∑
k=1
x2(1+αk)
)2
−
(
m∑
k=1
αkx
2(1+αk)
)2
+ 2x4
(
m∑
k=1
x2(1+αk)
)
− 2x4
(
m∑
k=1
αkx
2(1+αk)
)]
− Aˆ2
[(
m∑
k=1
x2(1+αk)
)
+ x4
]2
15
and
qˆ(x) =x
[(
m∑
k=1
x2(1+αk)
)
+ x4
]
×




(
m∑
k=1
x2(1+αk)
)2
−
(
m∑
k=1
αkx
2(1+αk)
)2
+ 2x4
(
m∑
k=1
x2(1+αk)
)
− 2x4
(
m∑
k=1
αkx
2(1+αk)
)}1/2
+ Aˆ
{(
m∑
k=1
x2(1+αk)
)
+ x4
}]
> 0.
For any x ∈ (0, 1], we have, by the fact: −1 < αm < αm−1 < · · · < α2 < α1 < 1,
pˆ(x) >

( m∑
k=1
x2(1+αk)
)2
−
(
m∑
k=1
α1x
2(1+αk)
)2
+ 2x4
(
m∑
k=1
x2(1+αk)
)
− 2x4
(
m∑
k=1
α1x
2(1+αk)
)]
− Aˆ2
[(
m∑
k=1
x2(1+αk)
)
+ x4
]2
=(1− (α1)2 − Aˆ2)
(
m∑
k=1
x2(1+αk)
)2
+ 2x4
{(
m∑
k=1
x2(1+αk)
)
− α1
(
m∑
k=1
x2(1+αk)
)
− Aˆ2
(
m∑
k=1
x2(1+αk)
)
− Aˆ
2
2
x4
}
.
Since 0 < 2(1 + αk) < 4 and x ∈ (0, 1], we have x4 ≤ x2(1+αk) for k = 1, 2, · · · , m, so
that we have
x4 ≤ 1
m
m∑
k=1
x2(1+αk),
where the equalities are satisfied if and only if x = 1. Thus we have, for any x ∈ (0, 1),
pˆ(x) >(1− (α1)2 − Aˆ2)
(
m∑
k=1
x2(1+αk)
)2
+ 2x4
{(
m∑
k=1
x2(1+αk)
)
− α1
(
m∑
k=1
x2(1+αk)
)
− Aˆ2
(
m∑
k=1
x2(1+αk)
)
− Aˆ
2
2m
m∑
k=1
x2(1+αk)
}
=(1− (α1)2 − Aˆ2)
(
m∑
k=1
x2(1+αk)
)2
+ 2x4
{(
1− α1 − 2m+ 1
2m
Aˆ2
) m∑
k=1
x2(1+αk)
}
.
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Since Aˆ2 =
1− α1
2
, we have
1− (α1)2 − Aˆ2 = 1
2
{
1 + α1 − 2(α1)2)
}
=
1
2
{
(1− (α1)2) + α1(1− α1)
}
> 0
and
1− α1 −
(
2m+ 1
2m
)
Aˆ2 = 2Aˆ2 −
(
2m+ 1
2m
)
Aˆ2
=
(
2m− 1
2m
)
Aˆ2 > 0.
Then we have pˆ(x) > 0 for any x ∈ (0, 1], that is, we have Kˆ1(x) > Aˆ
x
for x ∈ (0, 1].
Therefore, the improper integral
∫ 0
−∞
K1(t) dt diverges. Thus we have the following:
Proposition 6 In E2m+1 , the curve C2m+1 |0−∞ is of infinite total first curvature and
the curve C2m+1 |+∞0 is of finite total first curvature.
(3) In the case: n = 2m+ 2
We have, by Proposition 3,∫ +∞
−∞
k1(t) ‖ x˙(t) ‖ dt = 2
∫ +∞
0
k1(t) ‖ x˙(t) ‖ dt
= 2
∫ +∞
0
L1(t) dt
= 2 lim
b→+∞
(∫ b
0
L1(t) dt
)
,
where
L1(t) =

( m∑
k=1
e2(1+αk)t
)2
−
(
m∑
k=1
αke
2(1+αk)t
)2
+ 2e4t
(
m∑
k=1
e2(1+αk)t
)
− 2e4t
(
m∑
k=1
αke
2(1+αk)t
)
+ 2
(
m∑
k=1
e2(1+αk)t
)
+ 2
(
m∑
k=1
αke
2(1+αk)t
)
+ 4e4t
]1/2
×
[(
m∑
k=1
e2(1+αk)t
)
+ e4t + 1
]−1
.
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If we let x = f(t) = et then
dx
dt
= et, f(0) = 1 and f(b) → +∞ (b → +∞), so the
given integral is rewritten as∫ +∞
0
L1(t) dt = lim
b→+∞
(∫ b
0
L1(t) dt
)
= lim
f(b)→+∞
(∫ f(b)
1
L˜1(x) dx
)
,
where
L˜1(x) =


(
m∑
k=1
x2(1+αk)
)2
−
(
m∑
k=1
αkx
2(1+αk)
)2
+ 2x4
(
m∑
k=1
x2(1+αk)
)
− 2x4
(
m∑
k=1
αkx
2(1+αk)
)
+ 2
(
m∑
k=1
x2(1+αk)
)
+ 2
(
m∑
k=1
αkx
2(1+αk)
)
+ 4x4
]1/2
×
[
x
{(
m∑
k=1
x2(1+αk)
)
+ x4 + 1
}]−1
.
For any x ∈ [1,+∞), we set ε = 1− α1 > 0, then we have 2(1 + α1) = 4− 2ε so that
m∑
k=1
x2(1+αk) ≤
m∑
k=1
x2(1+α1) = mx2(1+α1) = mx4−2ε,
where the first equality is satisfied if and only if x = 1. Thus we have, for any
x ∈ (1,+∞), (
m∑
k=1
x2(1+αk)
)2
< m2x8−4ε.
For any x ∈ [1,+∞), we set δ = 1
2
ε and
u(x)
v(x)
=
B
x1+δ
− L˜1(x), where B =
√
8m2 + 8m
is a positive constant number. Here
u(x) =B2
[(
m∑
k=1
x2(1+αk)
)
+ x4 + 1
]2
− x2δ

( m∑
k=1
x2(1+αk)
)2
−
(
m∑
k=1
αkx
2(1+αk)
)2
+ 2x4
(
m∑
k=1
x2(1+αk)
)
− 2x4
(
m∑
k=1
αkx
2(1+αk)
)
+ 2
(
m∑
k=1
x2(1+αk)
)
+ 2
(
m∑
k=1
αkx
2(1+αk)
)
+ 4x4
]
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and
v(x) =x1+δ
[(
m∑
k=1
x2(1+αk)
)
+ x4 + 1
]
×
[
B
{(
m∑
k=1
x2(1+αk)
)
+ x4 + 1
}
+ xδ


(
m∑
k=1
x2(1+αk)
)2
−
(
m∑
k=1
αkx
2(1+αk)
)2
+ 2x4
(
m∑
k=1
x2(1+αk)
)
− 2x4
(
m∑
k=1
αkx
2(1+αk)
)
+ 2
(
m∑
k=1
x2(1+αk)
)
+ 2
(
m∑
k=1
αkx
2(1+αk)
)
+ 4x4
}1/2 > 0.
We also have that (5.1), (5.2) and
−
m∑
k=1
x2(1+αk) <
m∑
k=1
αkx
2(1+αk) <
m∑
k=1
x2(1+αk) . (5.4)
From (5.1) (5.2) and (5.4), we obtain
u(x) =B2
(
m∑
k=1
x2(1+αk)
)2
+B2x8 +B2
+ 2B2
(
m∑
k=1
x2(1+αk)
)
x4 + 2B2
(
m∑
k=1
x2(1+αk)
)
+ 2B2x4
−
(
m∑
k=1
x2(1+αk)
)2
x2δ +
(
m∑
k=1
αkx
2(1+αk)
)2
x2δ
− 2
(
m∑
k=1
x2(1+αk)
)
x4+2δ + 2
(
m∑
k=1
αkx
2(1+αk)
)
x4+2δ
− 2
(
m∑
k=1
x2(1+αk)
)
x2δ − 2
(
m∑
k=1
αkx
2(1+αk)
)
x2δ − 4x4+2δ
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u(x) >B2
(
m∑
k=1
x2(1+αk)
)2
+B2x8 +B2
+ 2B2
(
m∑
k=1
x2(1+αk)
)
x4 + 2B2
(
m∑
k=1
x2(1+αk)
)
+ 2B2x4
+
(
m∑
k=1
αkx
2(1+αk)
)2
x2δ −
(
m∑
k=1
x2(1+αk)
)2
x2δ
− 4
(
m∑
k=1
x2(1+αk)
)
x4+2δ − 4
(
m∑
k=1
x2(1+αk)
)
x2δ − 4x4+2δ
>B2
(
m∑
k=1
x2(1+αk)
)2
+B2x8 +B2
+ 2B2
(
m∑
k=1
x2(1+αk)
)
x4 + 2B2
(
m∑
k=1
x2(1+αk)
)
+ 2B2x4
+
(
m∑
k=1
αkx
2(1+αk)
)2
x2δ −m2x8−3ε − 4mx8−ε − 4mx4−ε − 4x4+ε
>B2
(
m∑
k=1
x2(1+αk)
)2
+B2 + 2B2
(
m∑
k=1
x2(1+αk)
)
x4
+ 2B2
(
m∑
k=1
x2(1+αk)
)
+ 2B2x4 +
(
m∑
k=1
αkx
2(1+αk)
)2
x2δ
+ x8−ε
(
B2
2
xε −m2 − 4m
)
+ x4−ε
(
B2
2
x4+ε − 4m− 4x2ε
)
.
Since B2 = 8m2 + 8m, for any x ∈ (1,+∞), we have(
B2
2
xε −m2 − 4m
)
> 0
and (
B2
2
x4+ε − 4m− 4x2ε
)
> 0.
Then we have u(x) > 0, that is,
B
x1+δ
> Lˆ1(x) for any x ∈ [1,+∞). Here, δ = 1− α1
2
>
0. And, similarly in case (2) of Section 5, we have
0 < lim
f(b)→+∞
(∫ f(b)
1
Lˆ1(x) dx
)
≤ lim
f(b)→+∞
(∫ f(b)
1
B
x1+δ
dx
)
=
1
δ
√
8m2 + 8m < +∞.
Therefore, the improper integral 2
∫ +∞
0
L1(t) dt = 2
∫ +∞
0
k1(t) ‖ x˙(t) ‖ dt converges
to a constant number. Thus we have the following:
20
Proposition 7 In E2m+2 , the curve C2m+2 |+∞−∞ is of finite total first curvature.
Therefore, the Main Theorem is proved by Propositions 4, 5, 6 and 7.
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